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1. Introduction 



In this note, we prove the local-in-time well-posedness (LWP) and the mass and energy conser- 
vation laws for a 3d cubic nonlinear Schrodinger equation with a real- valued potential V(x): 

(NLSv) iih + Au-Vu± \u\ 2 u = 0; u(0) = u e H s , 

by a contraction mapping argument. The main tools are Strichartz estimates (Lemma 3.4), derived 
from the dispersive estimate of Beceanu and Goldberg |BGj , and the norm equivalence between the 
standard Sobolev norm and the Sobolev norm associated with a Schrodinger operator % = — A + V 
(Lemma 3.2). 



1.1. Potential classes. We say that a real- valued function V is contained in Kato class if 

lim sup f r^\ dy = 0, 

r ^°+ xeTS.3 J\x-y\^r F ~ V\ 

and it is in global Kato class K if its global Kato norm 

mk: = sup r mu 

xeR3 J R 3 \X - y\ 

is finite. Let C h c be the set of bounded, compactly supported functions. Define the potential class /Co 
as the norm closure of C h c within the global Kato norm. The weak L 3 / 2 -space is denoted by L 3 / 2,00 . 

1.2. Resolvent. Let o-(H) be the spectrum of %. For z e o-(H), we define the resolvent operator 
by Ry(z) = (H — z)^ 1 . Recall the free resolvent formula 

(1.1) (Ro(z)f)(x) = ((-A - z)- 1 /)^) = e -7-< rf(y)dy, z £ C\[0, +cc). 

J R3 4n\x-y\ 

1.3. Acknowledgement. The author would like to thank Vedran Sohinger for explaining that |Ca[ 
Theorem 1.2.5] is useful to show persistence of regularity. 



2. Spectral Properties 

We begin by reviewing the spectral properties of Schrodinger operators H = —A + V. We will 
show that under suitable assumptions, (a) H is self-adjoint on L 2 with domain f) 2 , which is dense 
in H 1 ; (b) the spectrum a(H) is purely absolutely on the positive real-line [0, +co) and has at most 
finitely many negative eigenvalues. 
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Lemma 2.1 (Quadratic form |DPj ). Let V be in Kato class, and define the quadratic form by 

uHvdx. 



q{u,v) := 



Then there exists a » 1 such that 

1 3 

2 II Vu \\h ~ a Hz= < i( u > u ) < 2 'I Vm I^ 2 + a ll u lli 2 

for all u e H . Thus, q is lower serai-bounded with form domain H 1 



Proof. Let a be a large number to be chosen later. We claim that 

(2.1) \\\V\H-A + 2a)-^u\\ L2 ^±\\u\\l 2 , 

which is, by the standard TT* argument with T = \V\%(— A + 2a)~^, equivalent to 

(2.2) \\\V\iR (-2a)\V\iu\\ L z ^ ^\\u\\ L *. 
Note that (2.2) follows once we prove that 

(2-3) sup UMif —dy ^ i 

xem?Jm 3 in\x-y\ 2 

since by the free resolvent formula (1.1) and the Holder inequality, the left hand side of (2.2) is less 
than 



{ f \V(x)\ f 



2a\x—y\ 



Att\x — y\ 



■\V{y)\iu{y)dy 



2 



dx 



To show (2.3), we choose ro > such that 

r \V(y)\e-^*-v\ , f |V(«)| , 1 

sup J_WL rf y <; sup 1 Wl < -. 

xeR» Jlx-vl^ro 47r F _ 2/1 xeR3 Jls-j/lsSn, 47r F ~ 2/1 ' 4 

in particular, 

(2.4) f Mf^.I. 

Let 4 = J B(0,2 fe+1 r )\S(0,2' £ r ). Since each I k is covered by 0(2 fc ) -many balls B(xj, ro), we have 
f Vl "\' ^',/„ < e-VW f < °f f 



0(2 fc ) 

y , 

pi Jsfe.ro) Fj -2/1 

Now we choose a » 1 depending on ro so that 



e -V^2 fe ro y f 1^(2/) I dy < e -v^2 fc ro2fc_ 

„-_i Js 



Ji»i>n, H?/l fe tiJ^ 47r M fe =o 
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Combining (2.4) and (2.5), we obtain (2.3). □ 
Remark 2.2. Replacing (2.3) by 

f \v(v)\ j ^ \\v\k 

su p i~\ \ d y a — ' 

xeR3 J K 3 4tt|x - y\ 4tt 
in the proof of Lemma 2.1, one can show that 



J?; 



V\u\ 2 dx^^\\Vu\\h. 



Hence, if the negative part of a potential, denoted by VI, is small, precisely, |VL|jc < 47r, then the 
quadratic form q is positive-definite: 

q(u,u)=[ uVMdx^ \ \Vu\ 2 dx + f Vl|zt| 2 da: ^ f 1 - ^ ) || Vu||| 2 0. 

J»3 Jr3 Jr3 V 47T / 

Lemma 2.3 (Sclf-adjointncss). // V is in Kato class, then T-L is self-adjoint on L 2 with domain 
:= (% + a + l)- l (L 2 ). 

Proof. Following |ReSil( Theorem VIII. 15], we aim to show that (1 + a + H) : H 1 -> H^ 1 is a 
quasi-isometry. Indeed, if it is true, the inverse (l + a + 'H) -1 : H^ 1 — » i? 1 exists, and (1 + a + Ti)^ 1 : 
L? — * f) 2 c L 2 is self-adjoint. Hence, by functional calculus, ((1 + a + H)^ 1 )^ 1 = (1 + a + H) is 
self-adjoint with domain f) 2 , and so is %. 

By (2.1) and the T*T argument, ||(1 + a + %)m||^i ~ For surjectivity, we introduce the 

norm ||u||i := (q(u,u) + (a + l)||u|| 2 ) 1/ ' 2 , which is, by (2.1), comparable to |M| ff i. Polarizing || • ||i, 
we get a new H Mnner product (u, v)i := q(u, v) + (a + 1) J R3 uvdx. For / e H , define a linear 
functional £ : H 1 — > C by £(«) = ^ R3 vfdx. Then it follows from the Riesz lemma with inner product 
(•, -)i that there exists u e H 1 such that 

£f(v) = vfdx = (v, u)i = v(l + a + H)udx 

JR3 ' JR3 

for all v e H 1 , which implies (1 + a + H)u = f. □ 

Remark 2.4. (i) Since (1 + a + H) -1 is a quasi-isometry and L 2 is dense in if -1 , Sj 2 is a dense 
subset of H 1 . In general, $) 2 i= H 2 [Sh]. (ii) Sj 2 is a Hilbert space with inner product (u, v)% = 
J K s(l + a + H)u(l + a + %)ucte. 

Lemma 2.5 (Essential spectrum). IfVe /Co, i/ien a ess (H) = [0, +oo). 

Proof. Let A = — (1 + a). Since W is semi-bounded, by Weyl's essential spectrum theorem [RcSi2 ( 
Theorem XIII. 14], it suffices to check that Rv{ A) — i?o( A) is compact on L 2 . We denote Tv u v 3 W := 
Vii?o(A)^ 2 , where V x = \V | 1 / 2 sign(V) and V 2 = {V^ 2 . Indeed, by (2.2), 

GO 

R V (X) - R Q (X) = Ro(\)((I + VRo(X))- 1 - I) = - £ i?o(A)V 2 (-r v , 1 ,v 2 (A)) n V 1 i? (A) 

n=0 

is bounded on L 2 . It remains to show that Vii?o(A) is compact on L 2 . For e > 0, choose V e e C h c 
such that ||V — V e \\tc < e and sign(y) = sign(V e ). By Remark 2.2, we have 

||(Vi - V^RoWflv < lV ~ VellC \\(-A- \)-if\\ L z < el|/|U 2 . 

47T 

Moreover, since V ej i is compactly supported, it follows from the Rellich compactness theorem that 
V ej ii?o(A) is compact on L 2 . Since e is arbitrary, we conclude that Vii?o(A) is compact. □ 
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We call z e C a resonance of T-i if (I + V r i?o( 2: )) is not invertible /^(I/ 1 ). 

Lemma 2.6 (Negative eigenvalues). If V e Kq and zero is not a resonance, then H has at most 
finitely many negative eigenvalues. 

Proof. Since eigenvalues are discrete, it suffices to exclude the scenario that negative eigenvalues are 
accumulated to zero. First, we claim that negative eigenvalues are resonances. Let ip e f) 2 be an 
eigenfunction corresponding to a negative eigenvalue A. For e > 0, we choose V e e C h c such that 
\\V- V e |jc <e and thus ||(V — V e )i?o(A)||| L i^ i i < Set 

ip := -(I +(V- F e ) J R (A))- 1 ^ J R (A)^, 

which is formally equivalent to 

(I + (V - V e )Ro(\))<p = -V e R a (\)ViP VR (\))<p = 0. 

Thus, 

IMIli < l|(/+(^-^)i?o(A))-Vei? (A)^|| L i < ||l/ e i?o(A)^|| L i 

< ||y £ || i2 ||i? (A)^|| i2 < ||i?o(A)|^r/ 2 sign(^)|| i ^ i 2|||y|(-A)-^(-A)^|| i2 

< \\\V\(-A)-i\\ L ^ L2 \\i;\\ sl < 

By the claim, it is enough to show that resonances cannot be accumulated to zero. By the assump- 
tion, (I + V.Ro(0)) is invertible in ^(L 1 ). We write 

(7 + VRo(X)) = (I + VR o (0) + V(R (X) - R (0))) 

= (I + VR o (0))(I + yi?o(0))- 1 y(i?o(A) - i? (0))). 

By the mean value theorem, we have 

||y £ (i?o(A)-i?o(0))|| £ ( L i ) < sup 

y€R 3 

Moreover, we have 

\\(V-V e )(R o (X)-R (0))\\ c(L , ) <e. 

Hence, if A < is sufficiently close to zero, one can make 

\\(I+VR o (0))- 1 V(R o (X)-R Q (0))\\ c{Ll) 
arbitrarily small. Thus, (I + VRq(X)) is invertible, and A is thus not a resonance. □ 

Lemma 2.7 (Spectrum on the positive real-line |BG| ). If V e K-q and ~H has no resonance on 
[0, +00), then H has purely absolutely continuous spectrum on [0, +co). 

3. Norm Equivalence and Strichartz Estimates 
We present two main items for LWP: norm equivalence and Strichartz estimates. 

Lemma 3.1 (Sobolev inequality), (i) (inhomogeneous) IfVe JCo, then there exists a » 1 such that 
||(1 + a + W)~%u\\ L <, < ||tt||ip, where l<p^q<co,0<s<3 and ~ > | — |. 
(ii) (homogeneous) If V e ICq and \\V—\\k. < 47r, then WH~^u\\l^ IMIlj 5 : where 1 < p < q < <x>, 
< s< 3 and \ = | - f . 



V e (x)- 



4ir\x — ii\ 



as A -> - 
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Proof. Choose a » 1 such that ||(et + V)_||jc < 4-7T. Observe that by the Feynmann-Kac formula 
(A.26) of [Si] and QI] Theorem 2], there exist A 1} A 2 > such that 

0*Ze-« 1+a+H \x t y) = e*( A -( 1+a+v »(x,y) < e^ a+v ^ {x , y) < 4^'^^- 
Applying it to 

(3.1) (1 + a + H)~* = j^7~~py\ r e-^+^H^dt, 

r ( s / 2 ) Jo 

we obtain the kernel estimate for (1 + a + H)~i. The Sobolev inequality then follows from the 
inhomogeneous fractional integration inequality. By the same way, we can show (ii) . □ 

We denote the standard inhomogeneous (homogeneous, resp) Sobolev space by W s,r (W s,r , resp). 
We define the inhomogeneous (homogeneous, resp) Sobolev norm associated with by 

Mfa:r := ||(l + o + «)*«|£r (||u||aj s , r := ||«*u|| £ r) 

where a is a large number given by Lemma 3.1. We denote \\u\\sj= '■= IMI21F' 2 an d IMIi>s := IMI^^- 
The following lemma says that these two norms are equivalent for some r. 

Lemma 3.2 (Norm equivalence). IfVeJCon L 3 / 2 ' 00 , then 

H|aiJ».'- ~ H|w,- and llwllsnr^.T- ~ Hl^,,-, 
where 1 < r < - and < s ^ 2. 

s 

Proof. Following [DFVVj , we will show the inhomogeneous case. We omit the proof for the homo- 
geneous case, since it can be proved similarly. 

By the Holder inequality and the Sobolev inequality in the Lorentz norms, we have 

||(1 + a - A) U \\ L r \\f\\ w2 ,r + jV f\\ L , $ WfWw^ + WVhs^WfW^^ < \\f\\ m ,,r 

for 1 < r < |. Moreover, since e ~ t ( 1 + a +' H ) anc j e -t(i+o-A) sa tisfy the Gaussian heat kernel estimate 
[Taj , it follows from Sikora and Wright |SWj that the imaginary power operators (1 + a + H) ly and 
(1 + a — A) ly , with y e R, are bounded on U for all 1 < r < go with the operator norm ~ (y) 3 ^ 2 . 
Therefore, we obtain 

||(1 + a- A) iy (l + a + Uy iv \\ L r^Lr < (y) 3 for 1 < r < oo and ye K 
||(1 + a - A) 2+ly (l + a + n)- 2 - iy \\ L r^ L r < (yf for 1< r < § and y e R. 
By the Stein- Weiss complex interpolation theorem as in [DFVVj . we conclude that 

l/lwr-.r ~ 1(1 + a - A)S/| L , < ||(1 + a + H)%f\\ L r = \\u\\ W s,r for 1 < r < f . 
The other direction follows from the same argument. □ 

Recall the dispersive estimate of Beceanu and Goldberg [BG : 
Lemma 3.3 (Dispersion estimate |BG| ). IfVeKo and H. has no resonance on [0, +co), then 

\\e- im P c \\L^L°° < \t\- 3/2 , 
where P c is the spectral projection to the continuous spectrum [0, +co). 
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By the argument of [KTj . we derive Strichartz estimates from the dispersive estimate. For ^ 
s < |, an exponent pair (q,r) is called s-admissible if 2 ^ q oo and 2 ^ r < 3/s and | + f — §• 
We define the inhomogeneous (homogeneous) distorted Strichartz norm by 

H| e *(/) := sup NU^ajr ( Nle=(/) := SU P Ml* 7 2trr) • 

(g,r): 7/ s -admissible (<? ; r ) : -ff s -admissiblc 

Similarly, we define the inhomogeneous (homogeneous) standard Strichartz norm by 

MUa ( i) := sup HU^an;-" (|MIs*(i) : = sup ||u|| L? ^. 

(q,r): H s -admissible (<7 ; r ) : /7 s -admissible 



Note that by the norm equivalence, ~ ||u||s S (/) and ~ ll u ll,gs(/) 

Lemma 3.4 (Strichartz estimates). If V e /Co an d "H has no resonance on [0, +00), then 

\\e- UH Pcf\\ 6 s(i) < 

Jo <3 S (I) tJiix 

In both inequalities, the inhomogeneous norms can be replaced by the homogeneous ones. 



4. Local-in-time Well-posedness and Energy Conservation Law 

Now we prove local well-posedness (LWP), persistence of regularity and conservation laws for 
nonlinear Schrbdinger equations with potentials. We begin by LWP in H s for s e (|, 1]. 

Theorem 4.1 (LWP in H s for s e (|, 1]). IfVeJC n i 3 / 2 * 00 and H has no resonance on [0, +co), 
then NLSy is locally-in-time well-posed in H s for se (^, 1]. 

Proof. For w e let X := {u : ||u|| e *m < 2c||uo||i5 s }, where c is a large constant and / = [0,T] 
with T e (0,1] to be chosen later. By the norm equivalence \\u\\^= ~ the theorem follows 

once we show that 



$ U0 (u) : = e- im u Q ± i [ e-^- s ^(\u\ 2 u)(s)d 
Jo 



(4.!) = e- im P c u ± i f e- 4 (*-^P c (M 2 M )( S )d S + £ e - <tA '<u , ViWj 

± <S< f e- i(t - a)A3 (|«| 2 «)(s)d S) ^>L^i 

is a contraction on X, where ^ e Sj 2 is a normalized eigenfunction such that Hf/'jlU 2 = 1. Note that 
by the Sobolev inequality and the norm equivalence, HV'jlle'^) 5s ll^'ll^ 2 an d Ih/'jlljyf- ~ llV^'l^f- ^ 
IV'jlU 2 - For notational convenience, we omit the time interval I in the norm || • \h r teI unless there is 
no confusion. 
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Applying the Strichartz estimates to (4.1), we write 

J 

ll*«o(«)||6»(j) S luoliS' + \\\ u ? u \\ L 2 W °w + H u °Hi 2 Yj I^IU 2 IV'jle-(7) 

3 = 1 

J 



I"I" u IIlih- 3/2+ Ti H^II H |-ll^ills 5 (/) 



~ '/ I . , ' ; : 

3 = 1 

|2„,|| , |||„,|2„ 



< lUolU" + IN "I ^2^,6/5 + || M U\\ L 1 L 1 + 

By the norm equivalence, the fractional Leibniz rule and the Sobolev inequality, 

IIH 2u IIl 2 2ii=' 6/6 ~ \W u \ 2u WlIw^i & ~ Hli^HU?^ 

<T^H| 2 , , a ||«|i=o fls <T 2 ^ 1 ||u|||. (J)) 

IM 2 "!^ = T HlW < THii.3. < t|mi 3 ss(7) . 

Therefore, for u e X, we obtain 

(4.2) ||$„ (w)||e*(/) < c||uo| a . + cT^ ||u||| s(7) < c||«o|| a . + cT^ (2c||«o|| a .) J 

Similarly, we estimate the difference 

*no (u)-$ U0 (v) = ±i C e-^- s ^P c (\u\ 2 u- \v\ 2 v)(s)ds 
Jo 

J rt 

+ iV( e-^- 8 ^ (\u\ 2 u - \v\ 2 v)(s)ds, iPj) L 2^ 

3 = 1 J ° 



to get 
(4.3) 



||*«o(«)-*«o(«)||6«(J) < cT 2 (l«ll|.(/) + l«l|.(J))ll«-«l6'(7) 

< cT^(2c||u |U=) 2 h-«lle=a)- 
From (4.2) and (4.3), we conclude that if T is small enough depending on ||wo||fj s ~ || u o[|ff s , then 
$„ is a well-defined contraction mapping on X. □ 

Next, we prove the mass and energy conservation laws: 

M[u{t)} = \\u{t)\\ 2 L2 = M[u ] (mass), 

E[u(t)] = f hvu(t)\ 2 + \v\u{t)\ 2 dx + ]\u(t)\ 4 dx = E[u ] (energy). 
Formally, if u solves NLSy, then 

-^-M[u] = 2Ref u t udx = Im f (?{u + |u| 2 u)ucfe = 0, 

= Re f u t {Uu+ \u\ 2 u)dx = Im f (W« + |u| 2 u)(ftu + |w| 2 w)dx = 0. 
at J R 3 J R 3 

However, we need some extra works to make the above calculation rigorous, since TLu is not defined 
for ^solutions. 

Lemma 4.2 (LWP in S) 2 ). If V e Ko n L 3 / 2,c0 and H /tas no resonance on [0, +co) 7 i/ien NLSy is 
locally well-posed in S) 2 . Here, the maximal existence time has lower bound depending only on the 
H s -norm of initial data for § < s < 1. 
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For the proof, we need the following lemma. 

Lemma 4.3. In the situation of Lemma 4.2, X a ^(I) = {u : \\u\\Lf eI sj 2 ^ a and ||u|gs(7) < b} is 
complete with respect to the & s (I)-norm, where I is a finite interval. 

Proof. Recall |Cal Theorem 1.2.5]: "Consider two Banach spaces X <-> Y and 1 < p, q < co. Let 
{/n}n=i be a bounded sequence in L q (Y) and let / : I — * Y be such that f(t) in Y as 

n —* oo for a.e. tel. If {/„}^ =1 is bounded in L P (I;X) and if X is reflexive, then / e L P (J;X) 
and hminf ||/„|| iP (7 ; x)-" Fix an admissible pair (q,r), and let X = fj 2 and Y = 2U s ' r . 



Then, by the Sobolev inequality and Remark 2.4, X and Y satisfies the assumptions in [Cal Theorem 
1.2.5]. Let {m„}™ =1 be a Cauchy sequence in X a ,b{I)- Then, u n — » u in Lj eJ 2U^ r . Hence, it follows 
from [Ca| Theorem 1.2.5] that sj 2 < liminf ||iinfl.r,°° sj 2 ^ a, and thus u e X a ^(I). □ 



Proof of Lemma 4-- 2. We only give a sketch of the proof, since it is similar to that of Theorem 4.1. 
Let e = (=> < e < ^). For u e fj 2 , let X = X a ,b(I) w i tn a = 2 1| zx 11^2 and b = 2\\u \\f ) s, 

where / = [0, T] is a short time interval to be chosen later. We want to show that $„ (w), given by 
(4.1), is a contraction on X. 
Consider 



e^ t - s)n P c (\u\ 2 u)(s)ds. 

la 

First, applying the Strichartz estimates, we get 



J 

Jo 



1 



' e-^-^ H P c {\u\ 2 u){ S )d S < \\(l + a + H)(\u\ 2 u)\\ L2L6/5 . 

LfSj 2 t m 



Since (1 + a + H)(\u\ 2 u) is bounded by 

\(l + a-A)(\u\ 2 u)\ + \V\\u\ 3 

< \u\ 2 \(l + a- A)u\ + V\u\ 3 + \Vu\ 2 \u\ + \u\ 3 

< \u\ 2 \(l + a + H)u\ + V\u\ 3 + \Vu\ 2 \u\ + \u\ 3 , 

we write 



Jo 



e- l{t - s)n P c (\u\ 2 u)(s)d S < \\u\\ 2 ||u|| L ^ + ||^|| L 3 /2 ,x.||| W | 3 || i2L 6.a /5 

+ |||Vu| 2 |u||| L2i6 /5 + ||M 3 || L2i 6/5 = A + B + C + D. 

We estimate each term by the Sobolev inequality, the norm equivalence and the definition of the 
S s (J)-norm: 

B<\\u\\ 2 i2 H| i, 3 < T e ||M|| 2 ^_ 3+iQ. 3 \\u\\r,f<h 2 < T e ||u||| s(n ||M||pi2 ( n, 

C < II U IIl 4 L 12 II|Vm| 2 || r4r 4/3 < ||li|| 3 +3 _||m|| 3 , 3 || || 5_ 12 

d *s lhli fi 3||w|U|i6 < I«li ?J j.rA Htt|U«j5a *s r*|u||. (J) |«|6»(/). 
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In the second inequality for C, we used the fractional integration by parts: 

ifgh* < iiivi s /iuiiivr<?iun + iiivr/iiL^nivr 5 ii L , 2 

where - = — + — = — + —. This can be proved by a modification of the proof of the fractional 

p qi r-i <}2 r 2 

Leibniz rule, see |ChWej for example. Thus, we get 

C e-^-Wp c Qu\ 2 u)(s)ds <T 0+ || u ||| 3(7) ||u|| 62(/) <r +l| Uo !l^ho||^. 
Jo Lf^i 

We estimate other terms in $„ as we did in Theorem 4.1. Collecting all, we prove that 
\\®u„(u)\\ L ?sil < \Wo\\f>Z + cT ° + \\uo\\%A\ u o\\^l for all u e X. 



By choosing small T depending only on ||uo| 
that is contractive on X. 



sj» ~ ||uo||ff s together with (4.2) and (4.3), we conclude 

□ 



Corollary 4.4 (Persistence of regularity). In the situation of Lemma 4. 2, we have the following 
properties: for a sequence of initial data {u rli o}^ = i c Sj 2 with u n> o — > Uq in H s , we denote by 
{u„}^ ) =1 and u corresponding solutions. Then, \\u n — u\\ c o ^ Hs — > 0, where I is a uniform interval 
given by Lemma depending only on \uq\h s ■ 

Proof. By Lemma 4.2, there exists a uniform time interval I on which all u n exists in Sj 2 . Then the 
corollary follows from the iJ s -continuity of the data-to-solution map in Theorem 4.1. □ 

Proposition 4.5 (Conservation laws). In the situation of Theorem J^.l with s = 1, solutions con- 
serve the mass and the energy. 

Proof. We only show the energy conservation. The mass conservation can be proved similarly. Since 
the energy is continuous in H , by persistence of regularity, it suffices to verify that fj 2 -solutions 
conserve the energy. Suppose that u(t) e C^jf) 2 solves the integral equation 

u{t) = e- un u ± i f e- 4 (*-^(M 2 u)(s)ds. 
Jo 

Then u(t) is time-differentiablc in L 2 . Indeed, by the estimates in the proof of Theorem 4.1 and 
Lemma 4.2, one can show that 

ft 

< 00. 



\(\u\ 2 u)(t)\\c tsI Ll<™, f e^(\u\ 2 u)(s)ds 

Jo 



Therefore the nonlinear term is differentiable in L 2 : 

r t+e r t 



L {\u\ 2 u){s)ds - J e-^- s)n (\u\ 2 u)(s)ds] 



(\u\ 2 u)(t) + in f e^ t - s ) w (|u| 2 u)(s)ds 
Jo 

1 r t+e 1 

- J e-^ t+e ^ n (\u\ 2 u)(s)ds - (\u\ 2 u)(t)\ 



+ 



-i(t+e)H 



L ) + iUe 



sn (\u\ 2 u)(s)ds S j -> in L 2 as e 



0. 



Moreover, it is obvious that the linear term e ltn uo is differentiable. Thus, u solves iut—Hu+ \u\ 2 u = 
in L^jL 2 and the formal calculation (4.4) makes sense. □ 



10 



YOUNGHUN HONG 



Consider a 3d defocusing cubic nonlinear Schrodinger equation with a potential: 
(NLSy) iut + Au - Vu - \u\ 2 u = 0; u(0) = u . 



Recall that when V = 0, the energy conservation law yields the global-in-time well-posedness (GWP) 
in H 1 . We prove that the same is true in the presence of a potential: 

Theorem 4.6 (GWP). If V e /Co n L 3 / 2 ^ and % has no resonance on [0, +oo), then NLSy is 
globally-in-time well-posed in H 1 . 

Proof. Let u(t) be a solution. By the norm equivalence and conservation laws, 
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2E[u(t)] + (1 + a)M[u(t)] = 2E[u ] + (1 + a)M[u ] < oo 
for during its existence time. Thus u(t) is global in H 1 . 
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